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Starting from an earlier representation of the independent dimension 6 gluon operators in terms
of color electric and magnetic fields, we estimate their changes near the critical temperature Tc using
the temperature dependence of the dimension 4 electric and magnetic condensates extracted from
pure gauge theory on the lattice. We then improve the previous QCD sum rules for the J/ψ mass
near Tc based on dimension 4 operators, by including the contribution of the dimension 6 operators
to the OPE. We find an enhanced stability in the sum rule and confirm that the J/ψ will undergo
an abrupt change in the property across Tc.
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I. INTRODUCTION
The temperature dependence of the gluon condensate,
or the trace anomaly in the pure gauge theory, offers a
useful picture on the nature of the QCD phase transi-
tion [1]. The scalar gluon condensate together with the
twist-2 gluon operator are the two independent gluon
operators at dimension 4. These operators can be re-
expressed in terms of the electric and the magnetic con-
densate. The temperature dependence of these operators
can be calculated directly from lattice calculations of the
space-time and space-space elementary plaquette [1, 2],
or from combining the calculation of the energy density
and pressure [3]. The calculations show that while there
is a rapid change of the electric condensate across the
phase transition temperature, the magnetic condensate
changes very little [3], somehow reflecting a possible link
to the observed sudden change in the space-time Wilson
loop and the persistent area-law behavior of the space-
space Wilson loop across the phase transition [4].
Using the temperature dependence of the dimension
4 condensates as the input in the QCD sum rule ap-
proach for the heavy quark system, J/ψ and ηc have
been found to undergo a rapid property change across the
phase transition [3, 5–7] and to their dissociation [8, 9]
slightly above the critical temperature.
In a recent work, two of us (H.K. and S.H.L.) have
performed the renormalization of all the independent di-
mension 6 spin-2 gluon operators and found the scale
invariant combination in the pure gauge theory [10]. To-
gether with the dimension 6 scalar condensate, whose
renormalization has been worked out before [11, 12], the
renormalization of the two dimension 6 gluon operators
are now understood.
Unfortunately, a direct lattice calculation is presently
not feasible to extract their temperature dependence
since the higher dimensional operators will come with
large uncertainties and the mixing with lower dimen-
sional operators becomes problematic. At the same time,
in the pure gauge theory, it is interesting to note that
while the dimension 6 scalar operator is composed of a
higher product of gluon field strength tensor, the spin-
2 part is the second moment of the dimension 4 scalar
gluon condensate, thus suggesting a strong correlation
with the dimension 4 operator. The connections become
more apparent when we express the dimension 6 oper-
ators in terms of color electric (E) and magnetic (B)
fields.
In this paper, using these expressions and the temper-
ature dependence of dimension 4 electric and magnetic
condensates extracted from lattice gauge theory, we esti-
mate the changes of the dimension 6 operators near the
critical temperature Tc. Furthermore, we then improve
the previous QCD sum rules for J/ψ mass near Tc, which
was based on dimension 4 operators, by including the
contribution of the dimension 6 operators to the OPE,
whose nuclear medium effect was previously studied in
Ref. [13]. We find an enhanced stability in the sum rule
and confirm that the J/ψ will undergo an abrupt change
in the property across Tc [5, 6].
In section II, we will show E and B fields represen-
tations of dimension 6 gluon operators. In section III,
we will show the temperature dependence of the conden-
sates. In section IV, we will apply our condensates to the
sum rules. Section V is devoted to a summary.
II. FIELD REPRESENTATION
At dimension 4, there are two independent gluon oper-
ators that can be constructed from GaµαG
a
να. These are
the scalar and the twist-2 gluon operators.
gµν [G
a
µαG
a
να] = G
a
µνG
a
µν
GaµαG
a
να|ST = (uµuν − gµν/4)G2, (1)
where the subscript ST represents symmetric and trace-
less indices. These operators can be represented by E
2and B fields as follows.
GaµνG
a
µν = 2(B
2 − E2)
G2 = −2
3
(E2 +B2), (2)
where the trace is taken for the color indices of E and
B fields and the medium four vector is taken to be uµ =
(1, 0, 0, 0) in this work.
For dimension 6 operators, in addition to the twist-2
gluon operator, there are two more independent dimen-
sion 6 gluon operators that remain after using the equa-
tions of motion in the pure gauge theory. Introducing the
short hand notation G3µν ≡ fabcGaµαGbαβGcβν , one finds
these operators in a similar form to the dimension 4 case,
gµν [G
3
µν ] = f
abcGaµαG
b
αβG
c
βµ
G3µν |ST = (uµuν − gµν/4)G3. (3)
These operators can also be represented by the E and
B fields. Using parity and rotational symmetry, we find
that EaEbEc and BaBbEc type of operators vanish such
that the remaining forms are given as follows:
gµν [G
3
µν ] = f
abc[3Ba · (Eb × Ec)−Ba · (Bb ×Bc)]
G3 =
fabc
3
Ba · (Bb ×Bc + Eb × Ec). (4)
In the following we will abbreviate the triple scalar prod-
uct of fields fabcAa ·(Bb×Cc) as ABC for simplicity. Us-
ing this notation, the first and second line of Eq. (4) will
be represented as [3BEE−BBB] and [BBB +BEE]/3
respectively.
III. TEMPERATURE DEPENDENCE OF
CONDENSATES
We start from the temperature dependence of 〈αspi E2〉T
and 〈αspi B2〉T extracted from lattice calculations [3] and
discuss how the temperature dependence of higher di-
mensional operators can be estimated.
The temperature dependent dimension 4 condensates
can be expressed as follows.
〈αs
pi
GaµαG
a
µα
〉
T
= 2
[〈αs
pi
B2
〉
T
−
〈αs
pi
E2
〉
T
]
(5)
〈αs
pi
G2
〉
T
= −2
3
[〈αs
pi
B2
〉
T
+
〈αs
pi
E2
〉
T
]
.(6)
For the dimension 6 condensates, we first note that
all dimension 6 operators with either spin 0 or 2 can
be represented as linear combinations of the operators in
Eq. (3) in pure gauge theory [13], so that we can represent
the operators with two covariant derivatives as
〈αs
pi
GaµνG
a
µν;κκ
〉
T
= 2
〈gαs
pi
G3µµ
〉
T
=
4
pi1/2
[3〈α3/2s BEE〉T − 〈α3/2s BBB〉T ], (7)
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FIG. 1: Temperature dependence of BBB and BEE.
XT = 2
〈gαs
pi
G3
〉
T
=
4
3pi1/2
[〈α3/2s BEE〉T + 〈α3/2s BBB〉T ], (8)
where we have defined
〈αs
pi
GaκλG
a
κλ;µν |ST
〉
T
=
(
uµuν − 1
4
gµν
)
XT . (9)
To estimate the temperature dependencies of BEE
and BBB from temperature dependencies of the lower
dimensional field operators E2 and B2, we assume that
fields are isotropic and that the angular correlations can
be neglected. Namely, |Eai | = E or 0 and |Bai | = B or 0
for a = 1, · · · , 8. Such an assumption is actually satisfied
in an instanton configuration where Eai , B
a
i ∝ δai [15, 16]
and is used successfully in the vacuum [17]. 1
Hence, we approximate
〈α3/2s BEE〉T = 〈α3/2s BEE〉0
〈αspi B2〉T
1/2〈αspi E2〉T
〈αspi B2〉01/2〈αspi E2〉0
(10)
〈α3/2s BBB〉T = 〈α3/2s BBB〉0
〈αspi B2〉T
3/2
〈αspi B2〉03/2
. (11)
Furthermore, using the fact that fG3=4BEE=−4BBB
in the Euclidean spacetime at zero temperature and ap-
proximating 〈g3fG3〉0=(0.6GeV)6 [17], we can determine
the vacuum values at zero temperature.
〈α3/2s BEE〉0 = −〈α3/2s BBB〉0 =
(0.6GeV)6
4(4pi)3/2
. (12)
The temperature dependences of Eqs. (10) and (11) are
then given in Fig. 1. Furthermore, the temperature de-
pendence of the operators in Eq. (7) and Eq. (8) are
accordingly obtained.
1 It is not trivial that such a configuration still holds at high tem-
perature. However, since it gives the maximum of the triple
scalar product, our estimate can be regarded as conservative up-
per bound.
3IV. APPLICATION TO SUM RULES FOR J/Ψ
Using the temperature dependence of the dimension 4
gluon operators, two of us have calculated the mass of
J/ψ using QCD moment sum rules near the critical tem-
perature [5, 6]. There, it was found that the properties
of the J/ψ underwent a sudden change at Tc. However,
the sum rule was also found to become unstable above
1.05Tc. This instability was later found to be linked to an
onset of the broadening [7] and to a precursor effect of the
melting of J/ψ at slightly higher temperature as being
found by application of the Maximum Entropy method to
the sum rule [8]. To confirm the QCD sum rule analysis
with better stability, we generalize the sum rule analysis
to include the contributions from dimension 6 operators.
For that purpose, we have to further include the tem-
perature dependence of dimension 6 twist-2 operator,
which we have not discussed so far. This operator can
not be expressed in terms of E and B fields directly and
is parametrized as follows:〈αs
pi
GaµκG
a
νκ;αβ |ST
〉
= G4[uµuνuαuβ +
1
48
(gµνgαβ + gµαgνβ + gµβgνα)
− 1
8
(uµuνgαβ + uµuαgνβ + uµuβgαν + uνuαgµβ
+ uνuβgµα + uαuβgµν)]. (13)
It should be noted that G4 is the higher moment of the
dimension 4 twist-2 G2 operator in Eq. (1). To estimate
the value of G4 we use the estimate near Tc based on a
quasiparticle picture given in Ref.[14]. There, the ratio
between G4 and G2 is given by the square of the mass
of the quasiparticle times A4/A2, where Ai is the i-th
moment of the structure function of the quasiparticle.
Hence we will assume
G4/G2 ∼ −m2GA4/A2. (14)
For the numerical value, we take mG = 0.6 GeV for the
thermal gluon mass near Tc and take A4 = 0.02 and
A2 = 0.9 for a typical value for any hadron as discussed
in given in Ref. [13]; such approximation should be valid
below Tc. To extend the formula to temperature above
Tc, we make use of the thermal fluctuation of the ther-
mal gluon momentum assuming a temperature depen-
dent thermal mass as extracted from lattice gauge the-
ory [18]. Noting thatG4 involves two additional covariant
derivatives in comparison to G2, we will use the following
approximation.
G4/G2 ∼ −
(
m2G
A4
A2
) 〈
p2
〉
T
〈p2〉Tc
, (15)
where we take
〈p2〉T
〈p2〉Tc
=
∫
∞
0
dpp4nB(meff(T ), T )∫
∞
0
dpp4nB(meff(Tc), Tc)
∣∣∣∣∣
Tc=260MeV
(16)
with nB(m,T ) being the Bose distribution function
(e
√
p2+m2/T − 1)−1 for gluons and
meff(T ) = 0.6 + 0.062
(
T
Tc
− 1.5
)2
GeV, (17)
as parametrized from Ref. [18].
We now calculate the operator product expansion
(OPE) of the following correlation function of the vec-
tor current jµ = c¯γµc.
Π(q2) =
−1
3q2
∫
d4xeiqx〈T [jµ(x), jµ(0)]〉, (18)
Taking the moments
Mn(Q
2
0) =
1
n!
(
− d
dQ2
)n
Π(Q2)|Q2=Q2
0
, (19)
we find the following form up to dimension 4 operators
[19]
Mn(ξ) = A
V
n (ξ)
[
1 + an(ξ)αs + bn(ξ)φ
4
b + cn(ξ)φ
4
c
]
(20)
φ4b =
4pi2
9
〈αspi G2〉
(4m2c)
2
(21)
φ4c =
4pi2
3
G2
(4m2c)
2
. (22)
The additions from dimension 6 operators are of the
following form [13].
∆M6n(ξ) = A
V
n (ξ)
[
sn(ξ)φ
6
s + xn(ξ)φ
6
x + g4n(ξ)φ
6
g4
]
(23)
φ6s =
4pi2
3 · 1080
〈αspi GaµνGaµν;κκ〉
(4m2c)
3
(24)
φ6x =
9
2
4pi2
3 · 1080
X
(4m2c)
3
(25)
φ6g4 = 10
4pi2
3 · 1080
G4
(4m2c)
3
, (26)
where the Wilson coefficients are summarized in Ref. [13]
and we take ξ = Q20/(4m
2
c) = 1.
Before calculating the mass of J/ψ, it is useful to
discuss the effects of adding each contribution from
dimension 4 and 6 condensates. The left and right
graphs of Fig. 2 show the total contributions to mo-
ments Mn(ξ) from dimension 4 and 6 condensates, re-
spectively, divided by the perturbative contribution at
T = 0.8, 1.05, 1.2Tc; the result at T = 0.8Tc being al-
most identical to that at T = 0. One notes that at
T = 1.05Tc, the contributions change signs in both fig-
ures. This suggests that the finite temperature correc-
tions become slightly larger than the vacuum condensate
value, which shows the onset of large temperature correc-
tion. The correction at T = 1.2Tc are twice as large as
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FIG. 2: The left and right shows the contributions to Mn(ξ) from dimension 4 and dimension 6 condensates, respectively,
divided by perturbative contribution. The circle, square and diamond represent T = 0.8, 1.05 and 1.2Tc respectively.
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FIG. 3: Contributions to Mn(ξ)/A
V
n (ξ) of dimension 6 condensates at 0.8Tc(left figure) and at 1.05Tc(right figure).
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FIG. 4: Temperature dependence of mJ/ψ. Left: considering up to dim4 condensates. Right: up to dim 6 condensates.
the vacuum value with opposite sign suggesting the need
to consider improved method to consider temperature ef-
fects. Furthermore, for each temperature, the moments
change sign after n = 21. As higher n are more sensi-
tive to higher orders of power correction, this signals the
onset of the breakdown of the OPE.
Fig. 3 shows the contributions to moments
Mn(ξ)/A
V
n (ξ) of each dimension 6 condensates at
T = 0.8(left figure) and 1.05Tc(right figure). As can be
seen from the left figure, the scalar condensate dominates
for any n at T = 0.8Tc. On the other hand, the right
figure shows that the temperature dependent φx and φg4
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FIG. 5: mJ/ψ at T = 0.8, 1.0, 1.05Tc with or without dimen-
sion 6 condensates
dominates over the scalar condensate. Moreover, while
the absolute value of φg4 is larger than φx, they have
opposite signs and tend to cancel the contributions to
the moment each other, as also seen from the right of
Fig. 2. Again this signals the onset of large temperature
dependence at T = 1.05Tc.
Let us now look at the mass of J/ψ. Assuming that the
imaginary part of the correlation function is dominated
by the lowest pole, the mass is obtained from
m2J/ψ =
Mn−1
Mn
− 4m2c . (27)
Now, we adopt the temperature dependent condensate
values as discussed in the previous section to calculate
the temperature dependent mass.
Fig. 4 shows the moment sum rule for the mass as
given in Eq. (27). The left panel of Fig. 4 shows the
result when only the contributions from dimension 4 op-
erators are considered. The right panel shows the result
after contributions from dimension 6 operators are added.
One notes that while the values of the mass shift do not
change much, the stability of the sum rules with dimen-
sion 6 condensate improves over the sum rules with di-
mension 4 condensate. Specifically, the instability in the
sum rule with dimension 4 condensate at 1.05Tc turns
into a stable plateau structure by including dimension 6
condensate, as can be seen in Fig. 5. The stability in n
guarantees that the assumptions of the operator prod-
uct expansion side and phenomenological side are both
valid. Therefore, including the contribution from dimen-
sion 6 operators seems to extend the region of stability to
slightly higher temperature. This suggest that the J/ψ
will still survive to this temperature.
V. SUMMARY
We have introduced a parametrization of the temper-
ature dependence of the dimension 6 gluon operators
based on the temperature dependence of the dimension
4 electric and magnetic condensates extracted from lat-
tice gauge theory. We then improved the previous QCD
sum rules for the J/ψ mass near Tc based on dimension
4 operators, by including the contribution of the temper-
ature dependent dimension 6 operators to the OPE. We
find that the addition extends the stability in the sum
rule up to slightly higher temperature of 1.05Tc.
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